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Abstract

This paper deals with the upscaling of the time-harmonic Maxwell equations for heterogeneous media. We analyze the
eddy-current approximation of Maxwell’s equations to describe the electric field for heterogeneous, isotropic magnetic
materials. The magnetic permeability of the materials is assumed to have random heterogeneities described by a Gaussian
random field. We apply the so-called Coarse Graining method to develop a numerical upscaling of the eddy-current model.
The upscaling uses filtering and averaging procedures in Fourier space which results in a formulation of the eddy-current
model on coarser resolution scales where the influence of sub-scale fluctuations is modeled by effective scale- and space-
dependent reluctivity tensors. The effective reluctivity tensors can be obtained by solving local partial differential equations
which contain a Laplacian as well as a curl-curl operator. We present a computational method how the equation of the
combined operators can be discretized and solved numerically using an extended variational formulation compared to
standard discretizations. We compare the results of the numerical upscaling of the eddy-current model with theoretical
results of Eberhard [J.P. Eberhard, Upscaling for the time-harmonic Maxwell equations with heterogeneous magnetic
materials, Physical Review E 72 (3), (2005)] and obtain a very good agreement.
© 2008 Elsevier Inc. All rights reserved.

Keywords: Eddy-current model; Numerical upscaling; Magnetic permeability; Stochastic modeling; Numerical discretization

1. Introduction

Many realistic electromagnetic systems show electric field effects which are strongly influenced by micro-
scopic magnetic parameters of the materials. The phenomena of eddy-currents in heterogenecous magnetic
materials is one of the examples where the system behavior depends on the microscopic magnetic permeability
distribution. The electromagnetic interactions may take place on very small scales, often of atomistic
magnitude. To reduce the computational complexity of the electromagnetic problem we are interested in an
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upscaling of the eddy-current model onto coarser length scales so that the impact of the sub-scale information
need not to be modeled in detail. For the eddy-current model the resulting macroscopic field and current dis-
tribution strongly depend on the given magnetic permeability data of the material. However, the detailed mag-
netic permeability distribution is in most cases not known explicitly. As a solution the magnetic permeability
in the eddy-current approximation can be described by the stochastic modeling. The stochastic modeling yields
a general approach to handle problems involving heterogeneous materials. It describes an ensemble of realiza-
tions of the heterogencous material by a random field. The material parameter can then be given by a reali-
zation of the random field where the values of the realization are explicitly known.

Upscaling for Maxwell’s equations has been used for a long time. The use of the mathematical homogeni-
zation theory is one of the first approaches which results in averaged or homogenized equations on a coarser
scale [20]. For materials with micro-periodic structure a homogenization technique was first introduced in
[6,15], where the homogenized material properties have been found by solving local problems by suitable aver-
aging. Heterogeneous composite materials have widely been analyzed, see e.g. [23,24]. A scaling theory for
Maxwell’s equation concerning composite material was developed in Ref. [31] for the first time. In general,
all these homogenization methods have been well analyzed in the literature. For practical applications, how-
ever, they may be of limited use due to the more theoretical approach, the requirements of periodic structures,
as well as the upscaling to a fixed scale only. For many practical applications, these restrictions may be too far-
ranging. Moreover, natural phenomena often need to be modelled by a more realistic way assuming a stoch-
astical distribution for the heterogeneities of the material, where the material characteristics are supposed to
be upscaled to various length scales. In this case other upscaling procedures have to be applied. In Ref. [10], a
wavelet-base upscaling method was analyzed suitable for non-periodic material. For flow problems an upscal-
ing procedure called Coarse Graining method is well known which allows to perform analytical investigations
of heterogeneous media. In the study [11], Eberhard applied the Coarse Graining method for the first time to
develop an upscaling for the time-harmonic Maxwell equations with stochastic magnetic materials.

The Coarse Graining method was originally derived in the scope of large eddy simulations and for flow in
heterogeneous media, see [25,3,2]. Its basic idea is a splitting and averaging of high-frequency modes in Fou-
rier space. The influence of sub-scale fluctuations is given by effective material parameter tensors. The unique
advantage of the Coarse Graining method is that nearly any material can be treated without any restrictions
such as periodicity. Also, the scale of the upscaling can be chosen arbitrarily in contrast to the homogenization
theory.

The theory of the Coarse Graining method for Maxwell’s equations has been analyzed in Ref. [11] where
theoretical results for the reluctivity tensors are obtained via a second-order perturbation theory. The numer-
ical computation of these tensors is still lacking, which will be addressed in this paper. We therefore analyze
the eddy-current approximation with heterogeneous, isotropic magnetic materials, and we formulate the
numerical upscaling based on the Coarse Graining method as shown in Ref. [11]. The upscaling results in effec-
tive scale- and space-dependent reluctivity tensors which can be computed by solving local partial differential
equations — the so-called sub-problems. Due to the Laplacian and the curl-curl operator these equations are
hard to analyze computationally. We present a computational method to discretize the combined operators
and to solve them numerically using an extended variational formulation.

The paper is organized as follows. The next section summarizes the physical and mathematical methods to
formulate the numerical upscaling. In particular, we introduce the modeling of statistically distributed data
with stochastic fields. In Section 3, the theory of the Coarse Graining method for time-harmonic Maxwell
equations is introduced as developed by Eberhard [11]. We continue his study and present a numerical
approach for the upscaling. To calculate the upscaled material parameters we need to solve local partial dif-
ferential equations. Section 4 shows the detailed variational formulation and discretization to obtain a com-
putational scheme. In Section 5, we present numerical results of the upscaling and compare them with the
theoretical results given by the perturbation theory. We finish with a conclusion and outlook.

2. Definitions and mathematical statement

We briefly describe the mathematical background and the formulation underlying the upscaling for
the time-harmonic Maxwell’s equation in the eddy-current approximation. In particular, we introduce the
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appropriate Sobolev spaces which are used for the variational formulations in the numerical upscaling, and we
describe the stochastic modelling for the magnetic permeability used for the resulting Maxwell equation in the
eddy-current approximation.

2.1. Sobolev spaces and Green’s formulae

Let Q € R’ be a domain with boundary I' ;== 0Q equipped with an outwards oriented normal unit field n.
We introduce the space L*(Q) := (L*(Q2))’ with the scalar product u-v = (u,v) 20 = Jou(x)v(x)dx, as done
e.g. in Ref. [27]. We remark the difference to the standard scalar product of L*(Q ) Wthh shows d sem1 -linearity
in one of its arguments. The definiton of this scalar product is used due to expressions of the form a - E, where
a and E denotes a real and complex vector, respectively.

The Sobolev space L*(Q) contains all functions that are bounded in © and locally integrable [18]. Further
we introduce the following Sobolev spaces,

H(rot; Q) := {u € L*(Q); curlu € L*(Q)},
H(div;Q) := {u € L*(Q); divu € L*(Q)},

where curl (-) and div (-) are set in the weak sense, if necessary [32.7]. For these space we set the following
norms, see e.g. [32,7],

2 2 . 2 2

|- ”H(mt:!)) = HLZ(Q) + (diam Q)" [|curl - ||L2(£2)7
2 2 . 20 4 2

| - ”H(div;Q) = HLZ(Q) + (diam Q)" [|div - ||L2(Q)

where the normalization by the diameter of Q guarantees correct physical units.

On the boundary I', we apply special differential operators. We introduce the surface gradient grad, defined
by grad,; ®|, := (grad®)_for a function ¢ on Q with sufficient regularity. u, = (u — (n-u)n)|, = ((n x u) x n)|;
denotes the tangential trace. Analogously the vectorial surface rotation rotr is defined by
rot; @ := grad; ®|. x n. Further, we need the following integration by parts formulae, the so-called Green’s
formulae, for the Laplacian and the curl curl operator, see e.g. [32,7].

Let u € H(rot; Q). Then V@ € H'(Q)

/u~curl(1)—curlu'(l)dx: {u x n}|,P|.dS. (1a)
Q

0Q
Let u € H'(Q). Then V® ¢ H'(Q)

/(Au) L@+ (Vu) - (V(I))dx:/ (@) - @], dn. (Ib)
Q 00
We remark that the boundary integrations over the tangential trace {u x n}|, and the normal trace O,u|,
respectively are well defined in the dual Sobolev space H™'/?(I") of the trace space H'/?(I), if u has sufficient
regularity, see [9]. Hence it is also obvious that the boundary integrations have to be interpreted in a weak
sense if the functions show lack of requested regularity, see e.g. in [7, Section 5.1.2].

2.2. Stochastic modelling

For the upscaling in the eddy-current approximation we describe the magnetic permeability by a stochastic
modelling. The stochastic modelling yields a practical approach to generate realizations of the material so that
the quantity of interest can be expressed by explicit values. This approach is based on the assumption that the
heterogenities of the data are statistically distributed. In other words, the spatially inhomogeneous distribu-
tion of a field u(x) can be identified with a single realization of a stochastic process, defined by the ensemble
of all possible realizations, which we assume to be invariant under space transformations. The stochastic mod-
elling approach is in general more suited for practical applications than the standard homogenization method
where the material is assumed to have a periodic structure, see e.g. [7,17,20]. The stochastic modelling com-
bined with the Coarse Graining method yields an upscaled model equation along with a variable scale for
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the upscaling without the restrictions for the periodicity and the regularity of function spaces as in the homog-
enization method [2,11,13].

We briefly state the stochastical approach as it can be found, e.g. in Refs. [17,12]. Let u(x), x € R’, be a
given homogeneous, ergodic and time-independent scalar random field. Due to the ergodicity the volume aver-
age and the ensemble average of the moments of the random field are identical. The field can be divided into its
constant mean value # and the fluctuations i(x), where #(x) = 0 holds true. Further, the variance o2 does not
depend on x, and the covariance #(x)#(x’) =: w(x — X') depends on the distance x — x’ only. If the Fourier
transform of w exists, the correlation function of the Fourier transform of u can be defined by
W(&)a(g) = w(g, &) = (2n) 5(E+&)w(&).

We assume that the correlations of #(x) almost vanish on lengths which are larger than the intrinsic length
scales. This fact is modelled, for instance, by choosing a Gaussian correlation function, w(x — x') =
o’ exp(—Z?:1 gxi —x))*/(2%)). Then, the Gaussian correlation function in Fourier space yields
W(E) = 02 (2n)** 3 exp(—&* 12 /2) for isotropic media.

For the numerical generation of the realizations of the random field, we apply an algorithm introduced by
Kraichnan [22], see also [12] for a detailed description of the implementation.

2.3. Eddy-current approximation

The fundamental equations modelling electromagnetic field phenomena in a given domain Q are Maxwell’s
equations. For the time-harmonic formulation we assume that the current source density J and the density p
of free charges are given by harmonic functions, i.e. J(x,¢) = Re (¢! J(x)) and p(x,?) = Re (e’ ¢(x)).

This implies that the electric field £ and the magnetic field H are time-harmonic, see [19]. J, ¢, E, B and H
are called complex amplitudes of the electromagnetic sources and fields.

The eddy-current approximation for quasi-stationary processes then reads (as shown in [19,7])

curlveurlE + iooE = —iwJ¢, 2)

which represents a linear partial differential equation of second order. Eq. (2) assumes that materials located in
the domain show linear reactions to impressed fields which yields for the magnetic field B = ¢ H with the mag-
netic permeability u(x). We also assume Ohm’s law J = ¢ E + J°, where ¢ is the so-called (averaged) conduc-
tivity and J¢ is the impressed generator current density. In this study u(x) is taken as a scalar field with u > 0
anywhere, so that the inverse permeability exists and is given by H = vB where v := ' denotes the reluctiv-
ity. Further we assume o € L*(Q).

For the uniqueness of the solution it is necessary to specify radiation conditions in infinity, for instance we
set uniformly for all directions x/|x| the so-called Silver-Miiller radiation conditions limyy .. (y/AXX
H + /¢[x|E) = 0 and lim . (vex x E + /a/x[H) = 0.

We assume the permeability field u(x) to be normal distributed. This, however, conflicts with our assump-
tion p(x) > 0 for all x. Therefore, we set-up the field with a mean g which is at least four times larger than the
variance; as a result the probability for a value of u(x) < 0 is smaller than 10> which is sufficient for our com-
putations, see e.g. [28]. This practical approach can be applied if a variable is expected to follow a normal dis-
tribution but is restricted to a certain interval such as the positive axis for instance, as described in Ref. [28] for
a simple example. We remark that another solution to circumvent this problem would be to consider a trun-
cated normal distribution limited to an interval, see e.g. [26] for a normal distribution limited to positive
values.

Let the correlation function as defined in Section 2.2 for v(x) be given by its Fourier transform

V(E)V(E) = (2m) ¥V W(&) 6(& + &), where W(&) denotes an autocorrelation spectrum as introduced in Section
2.2 with isotropic correlation, that is,

#(&) = a2 exo (5. @)

The variance of the field is denoted by ¢, and / is the isotropic correlation length. For the particular case of
isotropic fields the correlation function depends on the difference |x — x| only.
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3. The coarse graining method

This section describes the Coarse Graining method for the upscaling of the eddy-current approximation as
it has been developed in [11]. The key idea of the upscaling method is to transform Eq. (2) first into Fourier
space. Second, the electromagnetic field is split into low- and high-frequency solution modes and then aver-
aged over large wave vectors in Fourier space, which correspond to sub-scale oscillations in real space. This
upscaling process using the Coarse Graining method results in a formulation of Maxwell’s equation (2) on a
coarser resolution scale where the impact of the sub-scale fluctuations is given by an effective reluctivity tensor.

Following the ideas of the Coarse Graining method, Eq. (2) will be projected onto high-frequency and low-
frequency parts in Fourier space, respectively. As these two parts are coupled the Coarse Graining method
decouples them, and after an inverse Fourier transform an upscaled equation akin to (2) on a coarser scale
is obtained which includes a effective reluctivity tensor field.

3.1. Upscaling in Fourier space

Starting with Eq. (2) we split the reluctivity field into its mean and the fluctuations, v(x) = v + ¥(x), and
apply curlcurl = graddiv — A as well as divE = p. In the latter p denotes the free charge distribution varying
on macroscopic scales only. We obtain

—VAE(x) + curl (3(x) curl E(x)) + iwoE(x) = y(x),

with a source term y(x) := —iwJ9(x) — vgrad p(x). This vectorial formulation can be transformed into Fourier
space, and regarding the i.th component it yields'

3
3G B+ 00E ) + i -0 ae =i, 4)
=1

Next, we define analogously to [11] (see Eq. (6) in there)

-1

Ru(&, &) :=i&V(E—¢&)ig, and gy(&) = (—v21é —|—1wa>
Hence (4) becomes
&' OFQ) + aneun [ Ri(E OIEWE)FE =5,2) (5)

We assume that the dyadic Green’s function for problem (5) in Fourier space exists, see e.g. [30]. Then
Gy (&, &) satisfies for fixed component i and fixed column index 7

gal(f) ain(é 6/ + ffi/k €kim jl(f fﬁ) Amn(éﬁ §/) d35” = ( (6 + fl) en),-
(g(;l( ”) 5lm 5(6 6,/) + 6l//c €kim /l(é é/,)) mn(éﬁ 6 )d3£” = 5(6 + 6/) 51':1'

In this definition the summation is given over j, k, / and m. J;, denotes the Kronecker delta, (& & &) a delta
distribution [16] and e, a basis vector. The definition states an equation system for each column of the dyadic
Green’s function. Further a series expansion of Gmn in g, can be derived, see e.g. [11]. Eberhard [11] also
shows that if the fluctuations in Fourier space vanish, 7(&) = 0, qu(é &) has diagonal form.

According to the Coarse Graining method in [11] we define projectors in Fourier space which divide the
field vector in high- and low-frequency parts:

! Throughout this section, the &-dependence is denoted for the fluctuations of the reluctivity field only.
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PR = {(P)?(&) iflf 5 foroneicl,
—~ ’ (6)
n E if [&]<% Viel,
PR = {0 @ wiei <y vie

where 7 ={1,2,3} and a, is a constant. If necessary we use the abbreviation P}, [E(é)] instead of
P}.[P; ,[E(&)]] or omit the indices. This holds true for P~, too. We can project the Fourler transform E of
the solution

E(&) = PL[E()] + P [E(&)]

and Eq. (5) as well,
PIf[gaIEl(é)] - Pjr,c’ |:€ijk6klm/le(§7 él)/E\‘m(él) d3€€'/ = P}Tf[fz(é)]

For P; . we get an analogous expression. It is obvious that the expressions for P* [E (&) and P~ []2“ :(&)] are cou-
pled due to the contained convolution. The decoupling idea of the Coarse Graining method is to find a closed
expression for P~[E;(£)] which contains low-frequency components only. This expression corresponds in real
space to a quantity that contains components with period lengths larger than 4. Oscillations of period lengths
smaller than 2 are in Fourier space represented by P*[E;(&)]. As a result, the method first decouples both parts
and then inserts P*[E;(&)] into the expression for P~ [E (&)] to gain a closed expression for P~[E;(&)]. The
decoupling idea is described in detail by Eberhard [11] where the upscaling is performed including all math-
ematical steps. The resulting upscaling models the influences of the sub-scale fluctuations by a scale-dependent
tensor quantity 6v*' (&, 1) which incorporates the impact of the unresolved fluctuations [11]:

SVl (8, 2) = = / (6= ENEIP 10 Gl ~Eepi GV (E — O,

where 4 denotes the upscaling scale which is determined by the definition of the projections in Fourier space,
see Eq. (6). v (&, 1) is called effective reluctivity tensor. We remark that the Coarse Graining method leads to
a tensor field on the coarser scale, even if the field on the fine scale is a scalar field. In 6v¢T (&, /) the summation
is taken over /,m,n and p, while k and r are fixed. 5v*" (¢, 1) corresponds in real space to a non-local quantity.
For a localization it is evaluated for ¢ =0 [11]. Thus, as an approximation we can set v (& 1) ~
(€ =0,7) := 6v"(2), which leads to

5veff /1 Ekim ﬂ 151 P P Gmn(éla _é/,)]enpri é;]/"j\(é//) d3 é// d3 él~ (7)

After an inverse Fourier transform we get an upscaled formulation of Eq. (2) in real space on the scale 4,
curl (v — v (2) + 3(x)|,) eurl E|, + iwoE|, = ind|,, (8)

where only the indices of the effective reluctivity are depicted to clarify that it is a tensor. In this model, the
quantities J°|,, #(x)|,, and the solution E|, are upscaled to the scale /. All fine-scale information is incorpo-
rated into the effective reluctivity tensor 6v*7(1). On scale A the scalar sub-scale reluctivity field becomes a
reluctivity tensor field which is made of the space-independent ensemble mean, the upscaled fluctuations
and the effective reluctivity from the Coarse Graining method. The total effective tensor on / can then defined

by
V() =5 — 6vT (). 9)

In the case of small variances g, in (3), that is, weak heterogeneity, a perturbation theory approach can be
deployed to obtain an explicit result for v* [11]. The numerical computation of (9) will be regarded in Section 4.
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3.2. Perturbation theory for 6v°"

In Ref. [11] 6v*(2) is calculated with the aid of perturbation theory. The results are valid for weakly het-
erogeneous reluctivity fields v(x) on the fine scale, i.e. if the variance g, in the correlation function (3) is small,
gy < 1. The integrations for 6v*(1) are treated using smooth cut off functions instead of the sharp projectors
in Fourier space, P}, — [l —exp(—&27/(242))], see [11]. It is shown in [11] that the non-diagonal entries of
the effective reluctivity tensor vanish and the integrations for the diagonal is given by

. 2005 [ (1 Za
5‘)2(1(/1)_\/1]3()()‘)[]\/[(2(),@0) _M(Zngzaz’wa)}’ (10)

where the function M(a,b) is defined by
1 b b, s iab —
M(a,b) := 2a3/2—v\/c_1+ 7 (=1)""exp <V>erfc(\/1ab/v).

Here erfc denotes the complex error function as defined, e.g. in [1].

3.3. Approximation of §v°'

in real space

Next we briefly conclude how 6v°T(1) is transformed to real space, as it is shown in [11]. In the case of a
global upscaling, 1 — oo, all fluctuations are eliminated, and a constant value for the scalar reluctivity is
obtained, see [11], Appendix B.

For the upscaling to finite length scales, 1 < oo, the derivation is more complicated due to the projection in
definition (7) of 8¢ (1). This projection can be seen as a characteristic function in Fourier space and hence
becomes a distribution S in real space (see [11]), with

S(x,2) = (2;)3 / ¢e*pr.de.

The analysis in [11] yields the following asymptotics: S(x,0) ~ 0 for 2 — 0 and S(x, 1) =~ é(x) for 1 — oc.
With this distribution definition (7) of the effective reluctivity tensor yields after an inverse Fourier transform

V() = €xm / V(X)S(x — X', )0y Gy (X', X" ) €3 S(X" — X", 2) D v(x)dx" - dx.

A further approximation has to be introduced similar as in the case of upscaling of flow in heterogeneous med-
ia, see [13]. The idea is that S(-,-) acts locally as a smoother when it is folded with a function with compact
support. Hence the impact of S together with an integration can be approximated by an averaging over a local
volume @, which is proportional to the scale . Therefore we define the three-dimensional cube

3

QN .= H[x,- — A/ as, x; + 1/ a]

i=1

surrounding the point x. Due to the folding with the distribution the effective reluctivity tensor localized in the
sub-volume Q' reads

5\)2?(17)() X €xim / 9(X) ax[ </( ) Gmn(X, X/) Enpr 6x;, Y)(X/)> d3x’ d3x, (1 1)
o

For 2 =0 and 1 — oo the approximation yields the exact effective reluctivity from (11), see [11]. So far, the
computation of 6v(1) contains an ensemble average. For numerical computations it is useful to refer to
an effective reluctivity for a single realization where the tensor can be gained by the information of this single
realization. For this case the single realization tensor 6v*¥ can be defined analogously to (11), but without the
ensemble mean, so that 6v* (1) = dvreal(]) holds true.
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Finally, we derive a partial differential equation which can be applied to compute the reluctivity tensor (11)
numerically. To calculate the tensor we need to know Green’s function G,,(x,x’) and to sum over its columns
G.,. Due to the local integrations over the sub-volumes Q(;Q an approximation of G by a local Green’s function
is obvious, see [11].

In QS’Q the local Green’s function GE;‘W) (x/,x"), where x is the index depicting the specific volume where the
tensor has to be calculated, can be defined by (x is fixed, the operators are acting on x’)

3
—v Z: aiéime;;) (X, X") 41008, Gy) (X', X") + €ijeepm@y 7(X' )0y G (X', X") = (X' — X")3,, (12)
=

in Qﬁ") which implies a single equation system for each column indexed by n = 1,2, 3. The boundary condi-
tions for (12) will be specified in Section 4.

As a result, the local reluctivity tensor v
by

¢l (J) from definition (11) can for a single realization be calculated

viel(),x) == / amV(X)0y [ G (X, X")e 00 P(x") A" A (13)

"W
)

For simplifications, we define
XO(X) 1= /Q G X ey (K (14)

where the indices m and r are fixed. Since we sum over ¢ the index # is uniquely determined. The function X
satisfies an equation which is obtained multiplying Eq. (12) with €,,.0x/v(x"), where 1 is replaced by n, sum-
ming over the columns of the local Green’s function, and integrating. It yields for fixed index i for each of the
independent three columns of X, X (r")

—TAXY (X) +iwo XY (x') + [eurl §(x') eurl XY (X)), = €, 0,y $(X)). (15)

Eq. (15) has to be solved for the three indices » = 1,2, 3 numerically. Accordingly, if X is known the reluctivity
tensor can be calculated numerically via

(3v2,‘,‘m(/1,x'):/)

o

e V(X') Oy X0 (X) ¥, (16)

mr

4. Numerical coarse graining

In this section, we will establish a variational formulation for Eq. (15) and show how a discretization using
a standard Galerkin method can be set up numerically.

4.1. Variational formulation

For the numerical Coarse Graining we refer to the three-dimensional unit cube, Q = [0, 1]3. We provide a
partition of Q with a cubic grid including d € N cubes on one edge of Q, and a stochastical permeability field
u(x) which has constant values on the cubes of the grid. As a result, the reluctivity field v(x) can be obtained
by element-wise inversion.

We fix the length scale A to an arbitrary value for the upscaling. In the unit cube with the given reluctivity
field, we join several reluctivity cells to one block, in that way that each block is a cube again. Then the scale A
is defined by the number of reluctivity cells we merge.

Eq. (15) is governed by a differential operator of the form

curl ¥(x) curl + Id + vA. (17)

To our knowledge, a stable discretization for this type of operator is not yet known. The main problem is to
find an appropriate space for a variational formulation. This is due to the fact that the Laplace operator
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cannot be handled with a variational formulation over the space H(rot; 2), which is usually the appropriate
space for equations containing the curl curl operator, see e.g. [7].

On the other hand, the curl curl operator cannot be discretized by H' (Q)-conforming finite elements since
H'(Q) is a closed subspace of H(rot; Q). It is well known that a treatment of curl curl equations by a H'(Q)-
conforming FEM leads to singularities of the solutions at re-entrant corners, which are not covered by H'(Q),
see e.g. [9].

But for convex domains it is well known that the spaces Xy(Q):=H'(div; Q)N H(curl; Q) and
Hy(Q):= {ve H'; v xn=0 on dQ} coincide, see [8] and the therein given references.

Since the ch01ce of the Coarse Graining blocks Q as stated above leads to convex domains, we analyze if a
treatment of the local Coarse Graining problems in form of Eq. (15) with H'-conforming finite elements is
possible.

We start with the vectorial form (15) of the additional equation for X :

—aXY (X) +iwo XY (X) + curl ¥(X) curl Y (x') = €,,0, V(X)). (18)
Again r = 1,2, 3 indicates the columns of X. We study two different boundary conditions. Since the Laplacian
dominates the equation, we firstly choose Dirichlet boundary conditions on 692"),

A% (x') =0, and secondly (19)

n(x') x XM(x') =0
due to the convex domain argument, with n(x’) denoting the unit normal field for Qi’o. We define

W(Q<x)) ={veH (Qm), v satisfies the chosen boundary condition}

which leads to W = H1 or WW = Hy. Testing with functions ¥ from W( ) and applying the partial integra-
tion formulae (1a) for the curl curl and (1b) for the Laplacian, we obtam

/(x) V{VX,(:)(X/)} . Vlll(x’) dx’ + /(x) T)(x') curl X.(,)f)(x/) . Clll'll/l(X/) dx’
- [ By weas - [ e 2 ()} <) pix) ds

- / L ioe XY () (x)dx' = / ewdy 7)) - p(x) dx, v e w(Ql).
o ol

In the following the curled braces {-} also denote vectors. As natural boundary conditions we set
J{owX.} - ¥dS =0 and [{{¥(x')curlX,} x n}-ydS =0, where the derivation 0, is in the direction of the
normal unit. The problem then ylelds

Find a function X% in W(Q'Y), such that for all y € W(Q)

a(‘X.(rX)a ‘//) = <lv ¢>7 (20)

with the Sesqui-linear form

a(XY, y) = / VAV )} Vg (x) dx’ + / iwe XY (X) - y(x)dx’
@ ;

o
a

+ /( ) P(x') curl X (x') - curly(x') dx
¥

and the dual product (I, ¥)y .y : fQ x>{ep, o V(X)} - P(x') dx’

4.2. Domain triangulation and Galerkin method

We choose a consistent triangulation 7" of the volume Q(;‘) using tetrahedra. The unknowns are located in
the corner of the element nodes. The set of nodes is denoted by Ny and we set Ny := [N'y|. An iterative
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regular refinement gives a hierarchy 7', / =0, ..., L of nested consistent tetrahedral triangulations, 0 labeling
the coarsest level. Due to the regular refinement strategy the family of triangulations (7" h) , 1s stable.
We apply a standard Galerkin method for the problem. As a finite dimensional subspace of VW we set

S ={fece <X>); f is linear on each tetrahedra and satisfies the boundary condition from (19)},
and 8" := (S")’.
Problem (20) then reads: find X ,(jf)‘h in 8", such that for all ¥ in S"

a(X0" g = (1, 9). (21)

A basis {@}, @), @i}, i=1,...,Ny for 8" can in each node y’ be set as follows:

?(Y) =o' (Y)er, o3(y) =0 (¥)er, @5(y) = o'(y)es,
with the standard scalar shape functions (p R*—R and the canonical basis vectors e(,. As a result, the total

number of test functions is 3Ny and dim 8" = 3N,. With this basis the unknown functlons Xt r(x') are given
by (r=1,2,3):

sz(pl ) + 2@ (X)) + 25l (x Zaqﬂ 2o/ (x) e+ 2, ¢/ (X) es. (22)

The weights 2/, are complex-valued for all j€1,...,Ny and d = 1,2,3. We abbreviate the vectors of nodal
unknowns by Z, = (zf,) d = 1,2,3. Finally problem (21) yields:
Find XF in S, such that foralli=1,...,Ny:

a(X0", ) = (I, @), (23)
for each of the three basis vectors ¢,, d =1,2,3.

4.3. Assembling the system matrix

The assembling proceeds analogously to the case of discretizing Maxwell’s equations applying a vector
potential formulation with unknown values in the nodes as it is shown e.g. in [21]. Insertion of X', expressed
by (22) into (23) leads to the discrete equation system where we get three equations for the three components
of each column vector X.,.. While the assembling of the system matrix does not depend on the column index of
X, the right-hand side discretization will differ with » as shown in Section 4.4.

We execute the assembling of the first component (i = 1) for ¢, explicitly (r fixed).

This results in the following problem: Search complex weights z;,7,,z; € C"", such that for i = 1,... Ny

Ny Ny
a(XN" l) 261(22/1@0/614‘2540/32 + 2,0/ e, @lel> Zza(zi(/?jel +zho'er+Z¢es, ole)

Jj=1 j=1

=

N

=) Za(g'e, ¢p'e) +Za(p e, ¢'e)) +Zal@ es, pe)) = (I, ¢)) = (I, p'e)).

~.
Il

We remember that we search for z;,7, and z; and that the integrations are executed on ng) This yields start-
ing from (23)

Ny Ny
T)/V(ZZ{QD’) -quidx'+iwa/Zz{(pf~(p’dx’
= =
N 3
+/ {T}(X’)curl{ Zz(’i(p/ed}} Acurlp’e }dx' = b, (x) Vi=1,...,Ny,



4254 J.P. Eberhard et al. | Journal of Computational Physics 227 (2008) 4244-4259

where by,(x) == [ €1, Oy V(X') ¢’ "dx’. Considering the linearity of curl curl and taking advantage of the identity
curl (x) a ( ) o(x )curla( ) —a(x) x V¢(x) which holds for scalar functions ¢(x) and vectors a, we obtain
curlz, p/e; = —e; x 2,V ¢/ = 2,V ¢/ x e, and curlgp’e; = V¢' x e,. The equation system then reads

Ny Ny 0 —03¢/ 00/
/Zz{[vV(p/-V(pi+iwa(pf~(pi}dx/+/T}(X’)Z Z| =00/ |+ 0 +25| 01/
=1 = —0,¢/ 01/ 0
0
—0¢" pdx' =b,(x) Vi=1,...,Ny,
—0,¢'
and finally
vy [ [V Vo +ivae - ¢ dx z v [ 20397 + 25020 0
> 40 L0 b= [0 =g o b o pax
= o 0 = =20y ¢ 4 20,9/ 00’

:blyr(X) Vlzl,,NN

The equation system can be rewritten as:
Find (z’) d=1,2,3, such that foralli=1,...,Ny

w [[J va’ Vo' + 3(X)020/0,¢" + ¥(X')03/03¢0" dX’ )] Joo'dx z)
> - )01 /020" dX/ 9z + Y iwed 0 2 b =bi(x).
J=1 —f ( ) 1(,0’63(,0 dX Zg =1 O Zé

(24)
For further simplifications we define the vectors
JVV@ -V +3(X)0,0/0,¢" + ¥(X')030/03¢" X’
s{ =< = [V(x)01¢/0¢" dX’
— [¥(x')01¢/03¢" dX’
and

J /o dx

0

Analogously, we get the equations for the second and third component. Regarding Eq. (24) it is obvious that
the three components of the weighting vector in a node y;, denoted by z,z,,z; are coupled within the equa-
tions for the three components of X,.

Considering a lexicographical numbering of the nodes we choose a point-wise gathering for the unknowns
since it leads to smaller blocks compared to an equation-wise aggregation. A node y, then is coupled with each
of his neighbor nodes y; via a complex (3 x 3)-matrix, and in every node we have to solve the following equa-
tion system:

STz +iMUZ — b (25)

with the coupling matrices S and M which we will stiffness matrix and mass matrix, respectively.

This notation is adopted from [7] where a discretization of Maxwell’s equations with Whitney elements is
shown. The mass matrix contains the parts arising from the identity, in the stiffness matrix the remaining parts
of the operator — the parts resulting from the Laplacian and the curl curl operator — are accumulated. We
remark that this is similar when treating Maxwell’s equations with Whitney-1-elements, see [7]. The stiffness
and mass matrix have the following structure:
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(S]"ij)t (ml,ij)t
S"= | (s>7) | and M= | (m>V)
(S3‘ij)t (m3,ij)t

where (-)" denotes the transpose.
4.4. Right-hand side

Next we consider the right-hand side which depends on r. As the fluctuations v(x') are non-continuous
functions on QEX), we have to apply a partial integration for by, by, b3. Depending on the choice of boundary
conditions we have to separate two cases:

If we choose Dirchilet boundary conditions X ( ") = 0, the test functions ¢ vanish on the boundary of
QE and therefore the boundary terms of a partlal integration as well. At the ith node y, the kth component
ylelds for with fixed p

by, (x) = /Q(x) €pr O V(X') P'(x)dY = — /Q( iV V(x') 0y @ (x')d’x'.

Obviously the right-hand side varies with the row index k and the column index r, and it vanishes for £ = r.
Using the boundary conditions n(x') x X (x’) = 0, the test functions do not vanish on the boundary and
the right-hand side becomes

[ amoamromiay == [ aiageas | o
Q) Q)

where the indices v and w have to differ from the fixed index p which is the direction of the one-dimensional
partial integration. In each component we have to integrate over element-wise constant functions, so the Mid-
point rule renders exact results.

1 x,=1 ’ /
'y o dx dx),

4.5. Decoupling real and imaginary part

For the numerical computation we have to decouple the complex equation system (25) for the unknown
weights zl,zz,z’ into real and imaginary part. This can be done analogously to the case of Whitney elements,
see e.g. [29]. Let = o/ +iv/. Then

S”{u+iv} +iM7{u +iv} = b +ibj, <= S"{u}/ — M {v}/ +i[M"{u} +S"{v}'] = b, +ibi,

IR IR et
— = R
M S Joolv bim

and two domain nodes y, and y,; are coupled with the following (6 x 6)-matrix:

ij

S11 S12 S13 —my; 0 0

$21 §22 823 0 —my 0

831 832 833 : 0 0 —ms3

+my; 0 0 r S12 813

0 +my 0 DSy S22 823

0 0 tmy sy S32 8§33 6x6

where the first three rows exhibit the real part, the last three yield the imaginary part of the system.
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On the diagonal of this matrix we find the parts of the Laplacian as well as the parts of the Laplacian part
of curl curl, i.e., curl curl = —A + graddiv in three dimensions:

3
Spe = /Q(_") (VVQJ Vo' + v(x Z (1 —0x)0:¢' az?’)

=1

The outer diagonal elements of S contain the grad div parts of curl curl:
Ski =/ ak(pial(/)ja
o

and on the diagonal of M the parts resulting from the identity,

— i J
My = 00 @ -9
el

In the stiffness matrices S, we need to execute integrations over derivatives of linear functions. For these are
constant we can apply the Midpoint rule again. In the mass matrices M a quadrature formula has to be used
since we have to integrate over the product of two element-wise linear functions.

4.6. Calculation of $v*" from X

After calculating all weights in all nodes, we obtain the reluctivity tensor from (16) using the basis (22).
Exemplary we state the results for the first component with fixed column index r:

Ny Ny
i = e (S5 ) miwre (S5 Yo [ 0055 (o s o
p) 2 Jj=1

Ny

= /Q(x) T’(X,) Z[(uéax'z(pj - ”ﬁargfﬂj) + 1(U/36,C/2(p] — Uéaxg ([Jj)} d3x’,

i J=1

with the real parts u,, u; and imaginary parts v, v; of the complex weights z,, z3. The steps for the second and
third component are analogous.

4.7. Solving Maxwell’s equations

So far we have shown the numerical treatment for the Coarse Graining sub-problems. Using the effective
reluctivity tensors from the Coarse Graining method, we moreover have to solve the Maxwell-problem (2).
The latter does not include the Laplacian, so the numerical treatment is completely different.

We would like to remark that in the case of solving the standard Maxwell Eq. (2) we choose in Section 5 a
standard FEM with a variational formulation over the space H(rot; Q) and a basis of Whitney-1-elements, as
it is done, e.g. in Refs. [29,7], and set appropriate boundary conditions. We refer the reader to [29] for a
detailed description of the discretization and the iterative methods useful to solve problem (2).

5. Numerical results

In this section we present the numerical results for the effective reluctivity tensors computed by the discret-
ization of Section 4. We compare the numerical results with the results of the perturbation theory. Therefore
we average the numerical tensors over the domain to obtain space-independent scalar permeability fields on
the coarser scale. We also show how some characteristics of the Maxwell problem such as the Ohmic losses
and the L*-norm of the solution scale when upscaling to larger length scales. The numerical discretization
is implemented in the simulation toolbox UG, see [4,5].

In order to solve the discrete equation system (23) for the columns of X, we choose a standard linear
multigrid method. As a pre- and post-smoother we apply a Gauss—Seidel and execute a V(1,1)-cycle. The
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hierarchy of grids is given by 7", which was introduced in 4.2. We choose the grid for the Coarse Graining
Blocks fine enough that the reluctivity is always constant on each element of the discretization grid.

5.1. Comparison of the results for different boundary conditions

On the unit cube we provide a permeability field with 64 x 64 x 64 cells. For each experiment the field has a
mean value of i = 2.0 and a variance of ¢> = 0.1. For the reluctivity field we thus obtain a mean v = 0.5137
and a variance ¢, = 0.0079, using an ensemble of ten realizations. The correlation length is /o = 0.03125.

Fig. 1 left shows the numerical results of the first and third components v;; and vs; of the effective reluctivity
tensor in comparison with the theoretical value given by (10) as a function of the scale A//,. The numerical
results are computed for n x X', = 0 boundary conditions. The results show a quite good conformance with
a significant deviation for an upscaling to scales A with 4/ ~ 8.

Fig. 1 right displays the numerical results for Dirichlet boundary conditions X, = 0 for the columns of X'.
Again we rerun the experiment 10 times. We remark that the choice of the boundary conditions does not seem
to have great impact to the solution of the problem. We explain about this as follows. Using boundary con-
ditions X, = 0 corresponds to a discretization of the Coarse Graining problems with Hé—conforming Finite
Elements, the second type of boundary condition implies a discretization over W = {v & H'; nx
v =0 on the boundary.}. We remark H(l) is a subspace of W, but for complex domains both spaces coincide,
as explained in Section 4. Furthermore the Laplacian dominates the equation. Hence we guess that the
approximation leads to a solution in H(l), which coincides with the solution in W.

For the given experimental setup we examine the scale-dependent behavior of two quantities in order to
estimate the quality of an upscaling with the Coarse Graining method. We choose the L*-norm of the solution
E and the Ohmic loss. The loss is the energy which is transformed into heat and has to be compensated by the
generator with its current J¢. For both quantities we define as values of the finest scale on the scale A = 0 with
the scalar reluctivity field. The Ohmic losses are in physics defined by Popm =13 [, 0 |E|*dx, see [19]. We then
solve Maxwell problem (8) on different scales and compute the two quantities. Table 1 shows the relative pro-
gression of the L?-norm of the solution E and the Ohmic losses over scales //l,. For an upscaling to minor
scales we see a deviation of about 10%. That means that the Coarse Graining method here is not able to repro-

0514 . . . . 0514
05135 S 05135
0513} 0513 |
05125 05125 |
< <
% %
> 0512} > 0512}
05115} 05115 |
Vst Vst
V11 V11
0511 vaox 0511 F  vaox
05105 . . . . 05105 . . . .
0.001 0.01 0.1 1 10 0.001 0.01 0.1 1 10
M Mg

Fig. 1. Comparison of the scale-dependent behavior of v from perturbation theory and v"™ from numerical simulations for a reluctivity

field with v = 0.5137 and ¢, = 0.0079 with n x X', = 0 (left side) and X, = 0 (right side) as boundary conditions.

Table 1

Scale-dependent behavior of the L2-error and the total Ohmic losses regarding an upscaling to various resolution scales

i 1.0 2.0 3.0 4.0 8.0 16 32
IEl,, 1 0.900 0.918 0.932 0.918 0.937 0.936

Ponm 1 0.891 0.913 0.929 0.925 0.937 0.938
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Fig. 2. Comparison of the scale-dependent behavior of v from perturbation theory and v™™ from numerical simulations for a reluctivity

field with v =0.262 and ¢, = 0.015 (left side) and a field with v = 0.702 and g, = 0.033 (right side). For both simulations boundary
conditions X, = 0 have been chosen.

duce the influences of sub-scale fluctuations. But for an upscaling to larger scales the deviation decreases under
6%, what can be considered as a very good result.

5.2. Computations for different reluctivity fields

Here we will show the effective reluctivities for different heterogeneous materials. We use fields with g = 4.0
and ¢? = 0.7 and with = 1.5 and ¢* = 0.1. For the first field we obtain v = 0.262 and ¢, = 0.015 for reluc-
tivity field, for the second the values are v = 0.702 and ¢, = 0.033.

In both simulations the isotropic correlation length is /, = 0.125 and we set X', = 0 on the boundary. The
experiments are repeated 10 times. The results from theory and simulations are shown in Fig. 2 for the first
setup and in Fig. 2 for the second. Both simulations show good accordance between the theoretical and
numerical results for the effective reluctivity tensors.

6. Conclusion

The paper studies a numerical upscaling of the eddy-current approximation of the Maxwell equations for
heterogeneous media using the Coarse Graining method. The magnetic permeability of the heterogeneous
media is treated by a stochastic modeling. We apply the Coarse Graining method to develop a numerical
upscaling of the eddy-current model which results in effective reluctivity tensors. The latter are scale- and
space-dependent and model the influence of sub-scale fluctuations in the upscaled eddy-current model. Eber-
hard [11] derived a perturbation theory to compute the reluctivity tensors and showed that they could be com-
puted numerically by solving local partial differential equations.

In particular, we address the numerical computation of the effective reluctivity tensors solving the local dif-
ferential equations. These equations are made up of the Laplacian and curl—curl operator for the electric field.
To our knowledge the so combined operator has not yet been analyzed in the literature — neither in theory nor
in numerical approaches. We present a discretization of this operator on convex domains based on an exten-
sion of the standard variational formulation for the Laplacian in three spatial dimensions. The resulting dis-
crete equation system can be divided into real- and imaginary part. As appropriate boundary conditions we
choose either zero Dirichlet boundary conditions or n x X', = 0. Both conditions result in very similar numer-
ical results. We remark that in general the assembling of the system matrix is analogous to the case of the dis-
cretization of Maxwell’s equations by Whitney-1-elements or by a nodal approach for a vector potential
formulation.

We numerically solve the arising system of equations by a standard multigrid method. Comparing the
numerical results with the results of the perturbation theory we observe a very good agreement. Moreover, using
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the effective reluctivities in the upscaled eddy-current model we obtain a very similar system behavior compared
to the fine-scale model in terms of the L*-error and the total Ohmic losses along with less computational effort.
In the future, we would like to extend the Coarse Graining method to tensor fields in order to enhance an iter-
ative upscaling of the fields. It would be also interesting to study the numerical upscaling for non-convex
domains to access practical applications. Further, it could be of interest to analyze the Coarse Graining method
as a grid transfer in a multigrid method for Maxwell’s equations as done for flow problems in [14].
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